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     In this paper, we use Quintic B-spline function to drive some error analysis of 

fractional derivatives and finding numerical solution for certain type fractional 

differential equations. It is know that a class of control points related to the modulus of 

continuity can be found by matrices operations, and discuss the error estimations for 

numerical solutions finding by using quantic B-spline to be in good agreement with the 

exact solutions. Results are shown graphically and illustrated the method by several 

examples. 

 

 

1. Introduction 
     

     Recently, fractional calculus has very important roles in modelling many problems in physical science [1-3]. 

Fractional differential equations are usually difficult to solve analytically, various limited method have been 

proposed for finding numerical solution to these equations [4- 7]. B-Spline polynomial function used by many 

anthers for numerical analysis and approximate solution of boundary value problems [8, 9]. Till now there are a 

few simple attempts to use B-Spline for solving fractional calculus. The approximation theory of spline 

polynomial is very good field of solving differential equations, when numerical algorithms aspect of behavior 

are considered. Among of the several class derivatives of spline functions, the polynomial spline has been 

accepted the more interesting because define a basic of B-spline [13-18, 23, 25, 28], which can be precisely 

defined.  

In this paper we study quintic B-spline polynomial function for solving a for certain type fractional differential 

equations, which apply the quintic B-spline method for approximation solution for a Bagely-Torvik fractional 

differential equation 

������� � �	���
 )(α � ������ 
 ����, α,],[ bat∈  is positive  non-integer ./ ++∈ ZRα             (1) 
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where the function ����, 	���, ����	and	����, are sufficiently smooth real valued functions as [10, 11, 27], in 

particular, the )2/1( =α and )2/3( =α order derivatives  describe the frequency- dependent damping materials 

of real physical systems. The paper constructed as follows, the next section give preliminaries and basic 

definition and theorem necessary to our work. In the third section derivations and modeled approximation 

polynomial by using quintic B-spline function for finding numerical solution of the equation (1), and estimate 

the error converges for solving quantic B-spline polynomial function. Finally in the last section numerical results 

are included, to show the efficiency and advantages, we apply our new method for solving numerical solution of 

several fractional problems. 

2 Preliminaries and Basic Definitions  

In this section, we define some basic definitions as follows: 

Definition 2.1 [21]  

The Caputo fractional derivative of order � > 0 is defined  


������ 
	�
��
� 1Γ� − ��	" �� − #�$%�%& '$'#$ ��#�'#,			 − 1 < � <  ∈ ℕ+

� ;	
�$'�$ ����,																																																																									� 
  ∈ ℕ.		  

where ],[ baCf n∈ . 

Definition 2.2 [20, 22]  

Suppose that 		D/01f�x� ∈ ∁�a, b�	for	k 
 0,1, … , n � 1		where	0 < � ≤ 1, then we have the Taylor Series 

expansion about x 
 τ, as follows 

f�x� 
 ∑ �@%A�BCD�E1F&�GEHI D/E1f�τ� � �JK�LMN�CO��P�D��GF&�1F&� �x − τ��GF&�1  With a ≤ ξ ≤ x, for	all	x ∈ �a, b�, 
where	D/01 
 D/1. D/1…D/1						�S	times�. 
Definition 2.3 [23]  

The modulus of continuity of a function � continuous on a segment [a, b], � ∈ X��, 	� is a function Y��� 
Y��, �� defined for � ∈ �0, b − a� by the relation Y��� 
 Y��, �: [�=\��|^%+|_` |���� − ����|. 
Definition 2.4 [6, 7, 8, 12]  

Suppose that us consider a partition	Δb , on the interval ��, 	� is divided into n subinterval using the grids �c 
 � � dℎ, d	 
 	0, 1, 2, … ,  , where		 
 � �  ℎ.  

Given 	Δb	 , a piecewise polynomial function g  on the interval ��, 	�	 is called a spline of degree S  if S ∈	C0%&�a, b� and S is a polynomials of degree at most k on each sub-interval�xE, xEF&�. Let gj	�Δj� denoted the set 

of all polynomials of degree S  associated with 	Δb . This set is a linear space with respect to Δb  of 

dimension	k	 � 	S. Now that we have defined spline functions, we introduced a special kind of spline function 

called B-spline of degree 5, [12, 13] 

Quintic B-spline is defined by 
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lc,m��� 
 &&nIop

�q
qq
�
qqq
� �� − �c%r�m,																																																																	if	� ∈ ��c%r,�c%n�					�� − �c%r�m − 6�� − �c%n�m,																																									if	� ∈ ��c%n,�c%&�	�� − �c%r�m − 6�� − �c%n�m � 15�� − �c%&�m,				if	� ∈ ��c%&,�c�	��cFr−��m − 6��cFn−��m � 15��cF& − ��m	,																	if	� ∈ ��c,�cF&�	��cFr−��m − 6��cFn−��m,																																												if	� ∈ ��cF&,�cFn�	��cFr−��m,																																																																							if	� ∈ ��cFn,�cFr�	0,																																																																																					other	wise

     (2) 

Form the fractional derivative of the quantic B-spline equation, can be find lc,m�j���� , where S 
 &n , we obtain 

lc,muNvw��� 
 &op

�q
qqq
�
qqq
q�x�� − �c%r�yv,																																																																				if	� ∈ ��c%r,�c%n�					
x�� − �c%r�yv − z�� − �c%n�yv,																																									if	� ∈ ��c%n,�c%&�	
x�� − �c%r�yv − z�� − �c%n�yv � {�� − �c%&�yv,									if	� ∈ ��c%&,�c�	

−x��cFr−��yv � z��cFn−��yv − {��cF& − ��yv	,																	if	� ∈ ��c,�cF&�	
−x��cFr−��yv � z��cFn−��yv,																																												if	� ∈ ��cF&,�cFn�	
−x��cFr−��yv,																																																																							if	� ∈ ��cFn,�cFr�	0,																																																																																					other	wise

                         (3) 

where x 
 0.0191048325    ,  z 
 0.114628995      and  { 
 0.2865724875 

lc���	�d	 
 −2,0,… ,  � 2�  are linearly independent, and they form the basis splines of gr���, lcj��� 
lcj�� � ℎ�, �d 
 −2,0,… ,  ; S 
 0,1,2�, interpolating all points, ∑ lc��� 
 1	$FncH%n 	�� ∈ ��, 	��.		                                                                                           (4) 

3. Convergence analysis of the method  

In this section, we proof  some lemma and theorm using quinitic B-spline of the fractional derivatives. 

Lemma 3.1 [12] For � 
 0,1,2, … ,  , let	�c 
 �c���,we	have	�� 
 �%�� �c ,	where  E, I and D,  are operators. 

Lemma 3.2 Let g�x� be the quinitic B-spline polynomial obtained by (1) and (4) for y�x�.  for j 
 0,1,2,… , n,	 
we obtain the following relations: 

g� 
 6ℎ
 �−�%n−25�%& − 40� � 40� � 25�n � �r
�%n�57�%& � 302I � 302� � 57�n � �r��� ,																															�5� 

g�� 
 30ℎn
� �%n�9�%& − 10I − 10� � 9�n � �r
�%n�57�%& � 302I � 302� � 57�n � �r���,																																					�6� 

g"� 
 120ℎr
 � −�%n−�%& − 8I − 10� � �n � �r
�%n�57�%& � 302I � 302� � 57�n � �r��� ,																										�7� 

g′′′� 
 360ℎ�
 � �%n−3�%& � 2I � 2� − 3�n � �r
�%n�57�%& � 302I � 302� � 57�n � �r��� ,																				�8� 
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g���� 
 720ℎm
 � −�%n�5�%& − 10I � 10� − 5�n � �r
�%n�57�%& � 302I � 302� � 57�n � �r��� ,																				�9� 

g�&/n�� 
 �nIo�/v� uI.I&�I��rnm��vFI.n���&m��&���NFI.Imm���&��r�%I.��I�&nn&���FI.n���&m��&��vFI.I&�I��rnm��v����vFm���NFrIn�FrIn�Fm��vF�� w ��.	       (10) 

where  E, I and D,  are operators. 

Proof: The quantic B-spline interpolation problem is start follows 

" g���'� 
 ��+�MN
+� 
 " ����'�								�� 
 0,1, … ,  − 1�+�MN

+� 																								�11� 
g��I� 
 �I, g��$� 
 �$																																														�12� 

From equation (3), we obtain the desired integro quintic B-spline with a known control points as: 

�� 
 � ∑ Xclc$FncH%n ���'�+�MN+�  and  �� 
 � ∑ Xclc$FncH�%n ���'�+�MN+� 																																															�13� 

�� 
 " X�%&l�%&���'� �
+�F&

+�
" X�l����'� �
+�F&

+�
" X�F&l�F&���'� �
+�F&

+�
" X�Fnl�Fn���'�
+�F&

+�
 

From the condition of differential equations, we know that			lc��c%n� 
 Using equations (3) and (7), with the boundary conditions of equation (2), we have ℎ720 �g�%n � 57g�%& � 302g� � 302g�F& � 57g�Fn � g�Fr� 
 

o�nI � &&nI �X�%� � 26X�%r � 66X�%n � 26X�%& � X��+ 

         
&&nI× �57� × �X�%r � 26X�%n � 66X�%& � 26X� � X�F&� � 

         
&&nI× �302� × �X�%n � 26X�%& � 66X� � 26X�F& � X�Fn� � 

         
&&nI× �302� × �X�%& � 26X� � 66X�F& � 26X�Fn � X�Fr� � 

         
&&nI× �57� × �X� � 26X�F& � 66X�Fn � 26X�Fr � X�F�� � 

        
&&nI �X�F& � 26X�Fn � 66X�Fr � 26X�F� � X�Fm�� 

          Then              

  
o�nI �g�%n � 57g�%& � 302g� � 302g�F& � 57g�Fn � g�Fr� 
 &&nI �I�%n � 26I�%& � 66I� � 26I�F& � I�Fn� 

Then 

  
o�nI ��%n�57�%& � 302I � 302� � 57�n � �r�g� 
 

  
&&nI ��%n�26�%& � 66I � 26� � �n�I� 

Here using the lemma 2.1, we obtain 
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�� 
� ℎcF&�d � 1�! ��c�����
 
cHI


 ¡o� − 1
 ����� 
 � − I
 �� 
g� 
 6ℎ
 �−�%n−25�%& − 40� � 40� � 25�n � �r

�%n�57�%& � 302I � 302� � 57�n � �r��� 
By the same way, we can find the following: 

  
o�nI �g′�%n � 57g′�%& � 302g′� � 302g′�F& � 57g′�Fn � g′�Fr� 
 

o�nI � &n�o �−X�%� − 10X�%r � 10X�%& � X��+ 

         
&n�o × �57� × �−X�%r − 10X�%n � 10X� � X�%&� � 

         
&n�o × �302� × �−X�%n − 10X�%& � 10X�F& � X�Fn� � 

         
&n�o × �302� × �−X�%& − 10X� � 10X�Fn � X�Fr� � 

         
&n�o × �57� × �−X� − 10X�F& � 10X�Fr � X�F�� � 

        
&n�o �−X�F& − 10X�Fn � 10X�F� � X�Fm��,   

then we obtain 

o�nI �g′�%n � 57g′�%& � 302g′� � 302g′�F& � 57g′�Fn � g′�Fr� 
 &n�o �−I�%n − 10I�%& � 10I�F& � I�Fn) 

Then 

  
o�nI ��%n�57�%& � 302I � 302� � 57�n � �r�g′� 
 

  
&n�o �−�%n−10�%& � 10� � �n�I� 

Then, here using the lemma 2.1, we obtain 

�� 
� ℎcF&�d � 1�! ��c�����
 
cHI


 ¡o� − 1
 ����� 
 � − I
 �� 
g�� 
 30ℎn
� �%n�9�%& − 10I − 10� � 9�n � �r�%n�57�%& � 302I � 302� � 57�n � �r���																				 

By a same way we find g"� 
g"� 
 120ℎr � �%n�2�%& − 6I − 2� � �n

�%n�57�%& � 302I � 302� � 57�n � �r��� 													 
Here using the lemma 2.1, we obtain 

�� 
� ℎcF&�d � 1�! ��c�����
 
cHI


 ¡o� − 1
 ����� 
 � − I
 �� 
g"� 
 120ℎr
 � −�%n−�%& − 8I − 10� � �n � �r

�%n�57�%& � 302I � 302� � 57�n � �r��� 													 
By a same way we find g′′′� 

g′′′� 
 360ℎ� � −�%n�2�%& − 2� � �n
�%n�57�%& � 302I � 302� � 57�n � �r��� 													 
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Here using the lemma 2.1, we obtain 

�� 
� ℎcF&�d � 1�! ��c�����
 
cHI


 ¡o� − 1
 ����� 
 � − I
 �� 
g′′′� 
 360ℎ�
� �%n−3�%& � 2I � 2� − 3�n � �r

�%n�57�%& � 302I � 302� � 57�n � �r��� 													 
By a same way we find g′′′� 

g���� 
 720ℎm � �%n−4�%& � 6I − 4� � �n
�%n�57�%& � 302I � 302� � 57�n � �r��� 													 

Here using the lemma 2.1, we obtain 

�� 
� ℎcF&�d � 1�! ��c�����
 
cHI


 ¡o� − 1
 ����� 
 � − I
 �� 
g���� 
 720ℎm
� −�%n�5�%& − 10I � 10� − 5�n � �r

�%n�57�%& � 302I � 302� � 57�n � �r��� 													 
By a same way we find g�Nv� ℎ720�g′�%n � 57g′�%& � 302g′� � 302g′�F& � 57g′�Fn � g′�Fr� 
 

1√ �−0.019048325I�%n − 0.3176640167I�%& − 0.373148203I� � 0.3176640167I�F& � 0.019048325I�Fn 

Then 

  
o�nI ��%n�57�%& � 302I � 302� � 57�n � �r�g′� 
 

1√ �−0.019048325�%n − 0.3176640167�%& − 0.373148203I � 0.3176640167� � 0.019048325�n� 
Similarly from lemma 2.1, we obtain  

g�&/n��

 720ℎr/n �−0.019048325�

%n − 0.3176640167�%& − 0.373148203I � 0.3176640167� � 0.019048325�n
�%n�57�%& � 302I � 302� � 57�n � �r � 

Here using the lemma 2.1, we obtain 

�� 
� ℎcF&�d � 1�! ��c�����
 
cHI


 ¡o� − 1
 ����� 
 � − I
 �� 
Hence, equations (4)-(6) are obtained. 

Theorem 3.3 Consider the function  ����  of class X 	��, 	�and quintic B-Spline polynomial  g��� , with 

fractional derivative obtained by (2) and (3) for � 
 0,1,2, … ,  , then 

		g��� 
 ����� − &m.�rrrrrrrr�nI ℎm��m� � £�ℎ��																                        �14	� 
g′ 
 ������ − &.�nn�������nI ℎ����� � £�ℎ��																											         �15	� 
g��&/n� 
 ��&/n����� � 	μ		ℎn��r/n� 	� £�ℎr�																							        �	16�	
g��� 
 ������� − m�.m&���nI ℎ����� � £�ℎm�																												                   �	17	� 
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g���� 
 �������� − r�nIℎ����� � £�ℎm�																										          �	18	� 
g���� 
 �������� − �I�nIℎn���� � £�ℎr�																											          �19	� 
where the constant μ 
 0.373148203ℎ�Nv � 0.7115213315ℎNv������ 
Proof: First to proof (14), the proofs for the others are similar and omitted by (4) and lemma 2.1, Suppose that � 
 ¡¥� '	¦ 
 ℎ
, and 

    ¡r¥ 
 1 � 3¦ � �¥vn � n�¥�� � �&¥§n� � n�r¥p&nI � �n�¥¨�nI � n&��¥©mI�I � �m�&¥ª�IrnI � &���r¥yr�n��I �⋯ 

g� 
 � 720 � 360¦ � 300¦n � 120¦r � 57¦� � 3.16666666¦m �⋯					720 � 360¦ � 300¦n � 120¦r � 57¦� � 19¦m � 6.666¦� �⋯��� 
g� 
 �1 � 3.167 − 19720 ¦� � �¦��	�� 

where � is a certain constant and the same technique in [12], we obtain  

		g��� 
 ����� − 15.833333333720 ℎm��m� � £�ℎ��												 
From equations (6) , with apply lemma 2.1, we have  

g�� 
 
� 720 � 360¦ � 300¦n � 120¦r � 57¦� � 19¦m � 5.2442¦� �⋯					720 � 360¦ � 300¦n � 120¦r � 57¦� � 19¦m � 6.666¦� �⋯���	,																			 
g′� 
 �1 � 5.2442 − 6.6666720 ¦� � �¦��	
�� 
g′ 
 ������ − 1.422466667720 ℎ����� � £�ℎ�� 

From equation (7), with apply lemma 2.1, we have  

g"� 
 120ℎr
� −¡%n¥−¡%¥ − 8 − 10¡¥ � ¡n¥ � ¡r¥¡%n¥�57¡%¥ � 302 � 302¡¥ � 57¡n¥ � ¡r¥��� 													 
g′′� 
 �1 � 0.4833 − 57720 ¦� � �¦m�	
n�� 

From equation (8), with apply lemma 2.1, we have  

g′′′� 
 r�Io§� u ¬�v­%r¬�­FnFn¬­%r¬v­F¬�­¬�v­Fm�¬�­FrInFrIn¬­Fm�¬v­F¬�­w �� 													                            (20) 

g���� 
 ®1 � 54 − 57720 ¦� � �¦m¯
r��	, 
g���� 
 �������� − 3720ℎ����� � £�ℎm� 

From equation (9), with apply lemma 2.1, then  

g���� 
 720ℎm
� −¡%n¥�5¡%¥ − 10 � 10¡¥ − 5¡n¥ � ¡r¥¡%n¥�57¡%¥ � 302 � 302¡¥ � 57¡n¥ � ¡r¥��� 													 
g���� 
 �1 � 240 − 300720 ¦n � �¦m�	
��� 
g���� 
 �������� − 60720ℎn���� � £�ℎr� 

From equation (10), with apply lemma 2.1, then 
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g�&/n��

 720ℎr/n
 �0.019048325¡%n¥�0.2986156917¡%¥ � 0.0554841863 − 0.6908122197¡¥ � 0.2986156917¡n¥ � ¡r¥¡%n¥�57¡%¥ � 302 � 302¡¥ � 57¡n¥ � ¡r¥ ��� 

g�&/n�� 
 g�&/n�� 
 1ℎ&/n �−.373148203 � 0.7115213315¦ � �¦n��� 
g�&/n�� 
 ®−.373148203ℎ%&n � 0.7115213315ℎ&n������ � �ℎrn�′′����¯ 

g��&/n� 
 ��&/n����� � 	μ		ℎn��r/n� 	� £�ℎr�																													       �21� 
where the constant μ 
 −.373148203ℎ�Nv � 0.7115213315ℎNv������ 
Theorem 3.4 Consider the function ��x� of class C �a, b� and g�x� be the Quintic B-spline polynomial have 

" °���'� 
 �� 
 " ����'�		, � 
 0,1,2,  − 1	� '
+�MN

+�

+�MN

+�
 

g��I� 
 �I, g��&� 
 �&, … , g��$%&� 
 �$%&, g��$� 
 �$ 

We have  

||���j���� − °��j����||  
 £�ℎr%�j�,	 	S 
 0,1,2,3.					 
where			||����||  
 max�_+_± |����|, 10 ≤< α . 

Proof: First try to show ||������� − g������||  
 £�ℎn�. since g��� is a quantic B-Spline hence	g�����is a 

piecewise continuous function on��, 	�, for				� 
 1,2,… ,  .  

As [12], suppose that g������ denoted the restriction of g������	over	²x³%&, x³´,	then	 
g������ 
 g������%&� �� − �ℎ � g������� � − ��%&ℎ  

Now define another linear function g�x�on	²x³%&, x³´as follows 	 
¶��� 
 ������%&� �� − �ℎ � ������� � − ��%&ℎ  

Clearly g�x�is a linear interpolation of	����	  
||g������ − ¶���||  	
 	·�g���(xj-1)-�������%&��	x³ − xh � ug���(x³)-�����xj�w x − x³h ·+��N_+_+�¸�+		  


 £�ℎn�																																																																			 
||g������ − �������||  
 |¹g������ − ¶��� � ¶��� − �������¹| 																																																 												≤ |¹g������ − ¶���¹|  �	|¹¶��� − �������¹| 					 

                                         ≤ £�ℎn� � £�ℎn� 
 £�ℎn�. 
and using theorem 4.2	in	�12�, 
     |g′′′��� − �′′′���| 
 � g������'� � g������%&� − � �������'� � �������%&�++��N 	++��N   

                             
 � �g������ − ��������'� � �g������%&� − �������%&�++��N �  
                             
 £�ℎr� � £�ℎ�� 
                             
 	£�ℎr� 
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|g′′��� − �′′���| 
 � g������'� � g�����%&� − � �������'� � ������%&�++��N 	++��N   

                             
 � �g������ − ��������'� � �g�����%&� − ������%&�++��N �  
                             
 £�ℎ�� � £�ℎ�� 
                             
 	£�ℎ�� 
|g′��� − �′���| 
 � g�����'� � °′���%&� − � ������'� � �′���%&�++��N 	++��N   

                             
 � �g����� − �������'� � �°′���%&� − �′���%&�++��N �  
                             
 £�ℎm� � £�ℎ�� 
                             
 	£�ℎm� 
     |g��� − ����| 
 � g����'� � °���%&� − � �����'� � ����%&�++��N 	++��N   

                             
 � �g���� − ������'� � �°���%&� − ����%&�++��N �  
                             
 £�ℎ�� � £�ℎ�� 
                             
 	£�ℎ�� 
and 

                               ||���� − g���|| ≤ ov� ℎ�√º»�  

≤ ℎn4 ||
n
��|| 
 ||���� − g���|| ≤ ov� ||
�m/n��||, for 

2

1=α , obtain the following  

·g�¼��x� − pn¾%&�¼� �α�· ≤ h¼��x − xE��xEF& − x��¾%¼Gr! �2m − 2r�! , G 
 max¹g�n¾��x�¹ 
m 
 1, g 
 f Nv, p& 
 SNv , and using [24, 26, 28], we have 

ÁguÂF&nw��� − �uÂF&nw���Á ≤ ℎÂ��� − �c���cF& − ���&%ÂÃ! �2 − 2Ã�! Ä��r/n�Ä  

Ã 
 0 → ¹|g�&/n���� − ��&/n����¹| ≤ �� − �c���cF& − ��2! Ä��r/n�Ä  

≤ ℎn2! Ä��r/n�Ä  

Äg�&/n���� − ��&/n����Ä ≤ ℎn2 Ä��r/n�Ä  

If	Ã 
 1, 2,3,4		respectively, using	definition	2.4	and	theorem	2.3, then	we	have 

                                                           ¹g� − �����¹ < &m.�rrrrrrrr�nI ℎmω�����, x� 
                                                           |g��� − �������| < m�.m&���nI ℎ�ω�����, x� 

|g���� − ��������| < 3720ℎ�ω�����, x� 
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                                                           |g���� − ��������| < �I�nIℎnω�����, x� 
where ω�����, x� is the modulus of continuity.  

4 Numerical Approximations and Discussion  

To verify the applicability of cubic B-Spline to solve fractional Bagley-Torvik differential problem in [9, 10, 11, 

27], and to show the our approximate solution approach the nature solution,  

������� � 	���
�&/n�� � ����� 
 ����																																					�22� 
With boundary condition   

                                 ���� 
 �, ��	� 
 É																																																														�23� 
����� 
 �′, ��	� 
 É′ 

where ����, 	���, ���� and ���� are continuous real-valued function on the interval ��, 	�, we let ����  be a 

quintic spline with knots Δ. Then ���� can be written as a linear combination of lc���, 
���� 
 � Xclc���

bFn
cH%n

																																																																																																																						�24�	 
Where the constant Xc are determined and lc��� are defined in equation (3). 

It is necessary that (14) satisfy (12 and 13) at � 
 �c 	where	�c is an interior point that is  

���c��′′��c� � 	��c�
�&/n��′′��c� � ���c����c� 
 ���c�                 
and the boundary conditions are  ���� 
 �	for	�I 
 �, ��	� 
 É	for	�b 
 																																																							�25� 
From (24) we obtained  

        ���c� 
 �c%nlc%n��c� � �c%&lc%&��c� � Xclc��c� � �cF&lcF&��c� � XcFnlcFn��c� � XcFrlcFr��c�												 
 �Nv��c� 
 Xc%nlc%nNv ��c� � Xc%&lc%&Nv ��c� � XclcNv��c� � XcF&lcF&Nv ��c� � XcFnlcFnNv ��c� � XcFrlcFrNv ��c�																		      
         (26)       �����c� 
 Xc%nl��c%n��c� � Xc%&l��c%&��c� � Xcl��c��c� � XcF&l��cF&��c� � XcFnl��cFn��c� � XcFrl��cFr��c�		 
There yield  ���c��Xc%nl��c%n��c� � Xc%&l��c%&��c� � Xcl��c��c� � XcF&l��cF&��c� � XcFnl��cFn��c� � XcFrl��cFr��c�� 		�
	��c��Xc%nlc%nNv ��c� � Xc%&lc%&Nv ��c� � XclcNv��c� � XcF&lcF&Nv ��c� � XcFnlcFnNv ��c� � XcFrlcFrNv ��c�� ����c���c%nlc%n��c� � �c%&lc%&��c� � Xclc��c� � �cF&lcF&��c� � XcFnlcFn��c� � XcFrlcFr��c�� 
 ���c�						                 

(27) 

By the properties of Qunitic B-spline function, we have  

lc%n��c� 
 1120 lc%n&n ��c� 
 −0.019048325√ℎ  l′′c%n��c� 
 16ℎn 

lc%&��c� 
 26120 lc%&&n ��c� 
 −0.3176640167√ℎ  l′′c%&��c� 
 13ℎn 
                           

(28) lc��c� 
 66120 lc&n��c� 
 −0.3731482029√ℎ  l′′c��c� 
 −1ℎn  
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lcF&��c� 
 26120 	lcF&&n ��c� 
 0.3176640167√ℎ  l′′cF&��c� 
 13ℎn 

lcFn��c� 
 1120 lcFn&n ��c� 
 0.019048325√ℎ  l′′cFn��c� 
 16ℎn 

lcFr��c� 
 0 lcFr&n ��c� 
 0 
l′′cFr��c� 
 0 

 

Form equations (25) and (18) we obtain  

���c�� &�ov �c%n � &rov Xc%& � �%&ov�Xc � &rov XcF& � &�ov XcFn � �0�XcFr� 		� 	��c��u%I.I&�I��rnm√o w Xc%n � u%I.r&����I&��√o w Xc%& �
�%I.r�r&��nIn�√o �Xc � I.r&����I&��√o XcF& � I.I&�I��rnm√o XcFn � �0�XcFr� � ���c�� &&nI �c%n � n�&nI �c%& � ��&nI Xc � n�&nI �cF& �&&nIXcFn � �0�XcFr� 
 ���c�						                                       (29) 

 

Xc%n u��+Ê��ov − I.I&�I��rnm±�+Ê�√o � ��+Ê�&nI w � Xc%& u��+Ê�rov − I.r&����I&��±�+Ê�√o � &r��+Ê��I w �
Xc u%��+Ê�ov − I.r�r&��nIn�±�+Ê�√o � &&��+Ê�nI w � XcF& u��+Ê�rov � I.r&����I&��±�+Ê�√o � &r��+Ê��I w �
Xc u��+Ê��ov � I.I&�I��rnm±�+Ê�√o � ��+Ê�&nI w 
 ���c�																																																																																																																									                    

�30� 
Let that 

Ëc 
 ��+Ê��ov − I.I&�I��rnm±�+Ê�√o � ��+Ê�&nI   , Ìc 
 ��+Ê�rov − I.r&����I&��±�+Ê�√o � &r��+Ê��I    ,                                                                   

Ãc 
 %��+Ê�ov − I.r�r&��nIn�±�+Ê�√o � &&��+Ê�nI    , °c 
 ��+Ê�rov � I.r&����I&��±�+Ê�√o � &r��+Ê��I    ,                                                                  

�c 
 ��+Ê��ov � I.I&�I��rnm±�+Ê�√o � ��+Ê�&nI                         (31)                                                        

Then ËcXc%n � ÌcXc%& � ÃcXc � °cXcF& � �cXc 
 ���c�																														                    �32	� 
And the boundary conditions are given below  

 											l%n��I� 
 lb%n��$� 
 &&nI,    l%&��I� 
 lb%&��$� 
 n�&nI , 

lI��I� 
 lb��$� 
 ��&nI ,  l&��I� 
 lbF&��$� 
 n�&nI , ln��I� 

lbFn��$� 
 &&nI,	lr��I� 
 lbFr��$� 
 0 

 

 

(33)       

Also form equation (27) and equation (33), we obtain 

l%n��I�X%n � l%&��I�X%& � lI��I�XI � l&��I�X& � ln��I�Xn � lr��I�Xr 
 �            lb%n��$�Xb%n � lb%&��$�Xb%& � lb��$�Xb � lbF&��$�XbF& � lbFn��$�XbFn � lbFr��$�XbFr 
 É                                                                                                               X%n � 26X%& � 66XI � 26X& � Xn 
 120�        

Take the first derivative, we obtain                                                                 

l′%n��I� 
 l′b%n��$� 
 &n�o  ,  l′%&��I� 
 l′b%&��$� 
&In�o , l′I��I� 
 l′b��$� 
 0, l′&��I� 
 l′bF&��$� 
%&In�o ,			l′n��I� 
 l′bFn��$� 
 &n�o , l′r��I� 
l′bFr��$� 
 0     

                                   (34)                                                
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Xb%n � 26Xb%& � 66Xb � 26XbF& � XbFn 
 120É                                                           (35) 

Also form equation (32) ,we obtain l′%n��I�X%n � l′%&��I�X%& � l′I��I�XI � l′&��I�X& � l′n��I�Xn � l′r��I�Xr 
 �′  (36)  

l′b%n��$�Xb%n � l′b%&��$�Xb%& � l′b��$�Xb � l′bF&��$�XbF& � l′bFn��$�XbFn � l′bFr��$�XbFr 
 É′                                                                            

(37) 

From equation (37), we have X%n � 10X%& � 0XI − 10X& � Xn 
 24ℎ′�′                                                                        (38)  Xb%n � 10Xb%& � 0Xb − 10XbF& � XbFn 
 24ℎÉ																																																																	   (39) 

We can write a system of k	 � 	2 linear equations in k	 � 	2 unknown 
 

Í
ÎÎ
ÎÎ
ÎÏ
1 26 66 26		 1 0 … 0 0 0 0 0 0−1 −10 0 10 1 0 … 0 0 0 0 0 0Ë& Ì& Ã& °& �& 0 … 0 0 0 0 0 00 Ën Ìn Ãn °n �n … 0 0 0 0 0 0⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮0 0 0 0 0 0 … Ë$%& Ì$%& Ã$%&	 °$%& �$%& 00 0 0 0 0 0 … 0 Ë$ Ì$ Ã$ °$ �$0 0 0 0 0 0 … 0 1 26 66 26 10 0 0 0 0 0 … 0 −1 −10 0 10 1Ò

ÓÓ
ÓÓ
ÓÔ

Í
ÎÎ
ÎÎ
ÎÏ
�%n�%&�I�&⋮�b%&�b�bF&�bFnÒ

ÓÓ
ÓÓ
ÓÔ 


Í
ÎÎ
ÎÎ
ÎÏ

�	�����I����&�	⋮	���b%&����b�ÉÉ′ Ò
ÓÓ
ÓÓ
ÓÔ
						           

                   �40� 
The piecewise quintic B-Spline function from equations (12) and (13) are obtained using (14), where the 

constant coefficient Xc  satisfy the system defined in (24). We will consider some numerical examples 

demonstrating the solution using quintic B-Spline methods are illustrated; all calculations are implemented with 

maple programming. 

Example 3.1 [10, 11] Consider the fraction boundary value problem: 

������ � 0.5
�&/n�	���� � ���� 
 3 � �n � �%&/nΓ�5/2� � 1�																	 
																						��0� 
 1, ��0.5� 
 1.25																																																																																				 

The exact solution of equation (50) is ���� 
 �n � 1																																																																			 
Using equations (26), (27) and (40) with maple programming, we obtain the following 

g��� 


�q
qq
q�
qq
qq
� 1.000000 − 1.0667 × 10%�� � 1.41978�n − 181.28881�r � 3144.4986�� − 42579.3049�m,			0 ≤ �	� '	� < 0.051.0021181 − 0.211810� � 9.892216�n − 350.9374�r � 4838.984931�� − 22727.3699�m,			0.05 ≤ �	� '	�	 < 	0.11.3235256 − 15.860251� � 305.98367�n − 2974.3046�r � 14580.3481�� − 28708.204�m,			0.1 ≤ �	� '	�	 < 	0.153.087315 − 70.0599� � 963.77955�n−6260.9467�r�20942.502�� − 28004.438�m,			0.15 ≤ �	� '	�	 < 	0.210. 4358 − 235.8524� � 2355.768�n − 11762.9772�r�29387.872�� − 29370.199�m	,			0.2 ≤ �	� '	�	 < 	0.25	30.595935 − 592.23401� � 4738.6145�n − 18953.3332�r � 37916.008�� − 30340.133�m,			0.25 ≤ �	� '	�	 < 	0.378.98233 − 1299.5357� � 8660.85301�n − 28855.035�r � 48073.995�� − 32036.2428�m	,			0.3 ≤ �	� '	�	 < 	0.35170.593 − 2424.9564� � 13869.80�n − 39664.3162�r � 56726.7797�� − 32454.66178�m,			0.35 ≤ 	�	� '	�	 < 	0.4401.1344 − 4990.1102� � 24886.347�n − 62036.4794�r � 77307.405�� − 38525.2154�m	,			0.4 ≤ �	� '	�	 < 	0.45−396.35021 � 4049.4951� − 17682.997�n � 38545.366�r − 41929.32�� � 18208.4523�m,			0.45 ≤ �	� '	�	 < 	0.5

 



JZS-A Volume 22, Issue 2, December 2020  
 

259 

 

 

Figure 1: Graph of approximate solution S(x), and y(x) exact solution of the example 3.1 

Table 1: The error estimations with fractional derivatives for the example 3.1 

 

Example 3.2 [27] Consider the fractional differential equation 

 ������ � &n
�&/n����� � ���� 
 4�n�5� − 3� � &n �©v �&nI+
ÕuNNv w− n�

Õuyvw� � �m − ��           

                                                     ��0� 
 0                                                                     

                                                  ��0.5� 
 −0.03125			                                                  
The exact solution of equation is ���� 
 ���� − 1� 
Using equations (16), (17) and (40) with maple programming, we obtain the following 

g���




�q
qq
q�
qq
qq
� 2.77 × 10%&� � 4.2 × 10%&r� � 0.00001463�n − 0.91075383�r � 14.78094�� − 66.701099�m,			0 ≤ �	� '	� < 0.05−0.000025624 � 0.00256249� − 0.102285�n � 1.13924169�r − 5.7190�� � 11.947666�m,			0.05 ≤ �	� '	�	 < 	0.1−0.00186218 � 0.0938542� − 1.9068795�n � 18.7543639�r − 89.506397�� � 162.369572�m,			0.1 ≤ �	� '	�	 < 	0.150.000628687 − 0.002081� − 0.369613�n � 5.924646�r − 33.83427885�� � 62.3272956�m,			0.15 ≤ �	� '	�	 < 	0.2−0.112573668	 � 2.7334506� − 26.46456�n � 127.996917�r − 311.00674�� � 302.15547�m	,			0.2 ≤ �	� '	�	 < 	0.25−0.37493322 � 7.569274� − 61.037486�n 
 245.72028�r − 495.03264�� � 397.9553538�m,			0.25 ≤ �	� '	�	 < 	0.3−4.4340679 � 23.905061� − 159.4110707�n � 531.50557�r − 887.08814�� � 591.92303�m,			0.3 ≤ �	� '	�	 < 	0.35−4.4134059 � 63.017188� − 359.909969�n � 1027.69636�r − 1468.16009�� � 838.7828�m,			0.35 ≤ 	�	� '	�	 < 	0.4−10.507393 � 131.51984� − 658.582243�n � 1649.116949�r − 2065.9928�� � 1035.4460�m,			0.4 ≤ �	� '	�	 < 	0.45−5.6283155 � 61.542708� − 268.7469�n � 585.751611�r − 638.14508�� � 277.6816749�m,			0.45 ≤ �	� '	�	 < 	0.5

 

 

� ¡ 
 |g − �| ¡�&/n� 
 ¹g�&/n� − ��&/n�¹ ¡� 
 |g� − ��| 
0.00 0.000000000 0.0000000000 0.000000001 

0.02 0.000917129 0.000398942280 0.134434658 

0.18 0.025082117 0.001196826841 0.186303400 

0.24 0.029997340 0.001381976598 0.390823000 

0.38 0.020493500 0.0017380949098 0.021630000 

0.42 0.014551830 0.001828183198 0.143410000 

0.50 0.000053800 0.001994711402 0.000210000 
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Figure 2: Graph of approximate solution S(x), and y(x) exact solution of the example3.2 

Table 2: The maximum error with fractional derivatives for the example 3.2  

Example 3.3 Consider the fraction boundary value problem: 

&� ������ � n�&Im
�&/n����� � ���� 
 ���n � 1� � �√Ö �n√�                                           

��0� 
 0, ��0.5� 
 0.125,     the exact solution of equation is  ���� 
 �r                                                                                

Using equations (16), (17) and (40) with maple programing, we obtain the following 

			g��� 


�q
qq
q�
qq
qq
� 1.574 × 10%&r − 8.27 × 10%&n� � 0.0001115�n − 1.078442�r � 35.9706633�� − 247.7123�m,			0 ≤ �	� '	� < 0.050.00001683 � 0.0016183� − 0.06462349�n � 0.216260824�r � 23.023�� − 130.74255�m,			0.05 ≤ �	� '	�	 < 	0.100.0042959 − 0.2111754� � 4.07881898�n − 38.9695268�r � 196.4662�� − 387.682193�m,			0.10 ≤ �	� '	�	 < 	0.150.0501281 − 1.67649838� � 22.368023�n − 148.41318�r � 498.856536�� − 666.025597�m,			0.15 ≤ �	� '	�	 < 	0.200.348946249 − 8.7229302� � 87.178767�n − 1025.437�r � 1089.1296�� − 1088.785409�m	,			0.20 ≤ �	� '	�	 < 	0.251.603219 − 32.0700769� � 256.5728�n − 1025.43725�r � 2053.16263�� − 1642.723107�m,			0.25 ≤ �	� '	�	 < 	0.30	5.807288 − 96.7711333� � 644.97909�n − 3951.168198�r � 3581.2745�� − 2386.68593�m,			0.30 ≤ �	� '	�	 < 	0.3516.916759 − 241.790366� � 1382.410424�n − 3951.168198�r � 5649.74�� − 3230.6975�m ,			0.35 ≤ 	�	� '	�	 < 	0.4047.58969 − 594.163468� � 2966.91288�n − 7405.672808�r � 9243.93�� − 4614.122822�m,			0.40 ≤ �	� '	�	 < 	0.4522.440386 � 245.3847� − 1071.593349�n � 2336.72813�r − 2540. 91176�� − 1103.5550�m,			0.45 ≤ �	� '	�	 < 	0.50

 

 

Figure 3: Graph of approximate solution S(x), and y(x) exact solution of the Example 3.3. 

� ¡ 
 |g − �| 
 ¹g�&/n� − ��&/n�¹ ¡� 
 |g� − ��| 
0.00 0.000000000 0.000000000

 
0.000000000 

0.02 0.000004971 4.96056*10
-07 

0.000641489 

0.18 0.00004875 0.000092178919 0.003329739 

0.24 0.000204049 0.000167391323 0.002003860 

0.38 0.000216427 0.0003673296424 0.004194400 

0.42 0.000184833 0.0004127891404 0.002775400 

0.50 0.000000243 0.0004559340340 0.000000700 
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Table 3: The maximum error with fractional derivatives for the example 3.3 
 

 

  

 

 

 

 

 

Conclusions 

     We have applied quintic B-spline polynomial to obtain the numerically solution of some fractional 

differential equations, which are tested their control points performance on the growth Bagley-Torvik differential 

equation. This method gives good results and comparable with the exact solution, a theoretical proof of the 

convergence of the quintic B-spline method for the fractional derivatives from class arguments. Some numerical 

examples were included to observed by the tables which are illustrated the error estimation of the method. 

Finally, the efficient could arise from the control points of the quintic B-spline that is necessary for numerical 

results. 

  

References 

[1] Hilfer, R. "Applications of Fractional Calculus in Physics". World Scientific; Singapore. (2000). 

[2] Tarasov, V.E. "Fractional Dynamics". Nonlinear Physics Science; Springer. Berlin, Germany. (2007). 

[3] Podlubny, I. "Fractional Differential Equations". Academic Press; Cambridge. MA, USA. (1998). 

[4] Oldham, K.; Spanier, J. "The Fractional Calculus".  Academic Press; Cambridge. MA, USA. (1974). 

[5] Sabatier, J., Agrawal, O., Tenreiro Machado, J. A. "Advances in Fractional Calculus". Springer. Berlin, 

Germany. (2007). 

[6] Lucas, T. R.  "Error bounds for interpolation cubic splines order various end conditions". SIAM J.  Numer. 

Anal. Vol. 11, No. 3, pp. 569 – 584. (1974). 

[7] Zhanlav T., Mijiddorj R. "The local integro cubic splines and their approximation properties". Applied 

Mathematics Computation. Vol. 216, pp. 2215- 2219. (2010).  

[8] Munguia, M., Bhatta, D. "Use of cubic b- spline in approximating solutions of boundary value problems". I. 

J. Applications and Applied Mathematics. Vol. 10, No. 2, pp. 750-771. (2015). 

[9] Lakestania, M., Dehghan, M. "The construction of operational matrix of fractional derivatives using B-spline 

fractions". Communications in Nonlinear Science and Numerical Simulation. Vol. 17, No. 3, pp. 1149-1162, 

(2012). DOI: 10.1016/j.cnsns.2011.07.018. 

[10] Bagely, R.L., Torvik, P.J. "Fractional Calculus-A Different Approach to the Analysis of Viscoelasically 

Damped Structures". AIAA Journal. Vol. 21, No. 5. (1983). 

[11] Zahra, W. K. and Elkhply, S. M. "Cubic Spline Solution of Fractional Bagley-Torvik Equation". Electronic 

Journal of Mathematical Analysis and Applications. Vol. 1, No. 2, pp. 230-241. July (2013). 

[12] Feng-Gong Lang Xiao -Ping Xu. "On Integro Quartic spline interpolation". Journal of Computation 

Applied Mathematics. Vol. 236, No. 17, pp. 4214-4226. (2012). 

[13] Lang, F. G., Xu,  X. P. "Quadratic B-spline collection method for fifth order boundary value problems". 

Journal of Computing. Vol. 92, No. 4, pp. 365-378. (2011). 

� ¡ 
 |g − �| ¡�&/n� 
 ¹g�&/n� − ��&/n�¹ ¡� 
 |g� − ��| 
0.00 0.000000000 0.0000000 0.000000000 

0.02 0.000011620 0.00001595769120 0.001536772 

0.18 0.000465622 0.0004308576628 0.005481300 

0.24 0.000721263 0.0006633487672 0.016416750 

0.38 0.000819120 0.001321601304 0.011949000 

0.42 0.000647450 0.001535673886 0.001883000 

0.50 0.000005000 0.001994711402 0.000027000 



JZS-A Volume 22, Issue 2, December 2020  
 

262 

 

[14] Pitolli, F. "A fractional b-spline collection method for the numerical solution of fractional Predator-Prey 

models". J. Fractal Fractional, MDPI. Vol. 2, No. 13, pp.1-16. (2018).  

[15] Pedas, A., Tamme, E. "On the convergence of spline collection methods for solving fractional differential 

equations". J. Comput. Appl. Math. Vol. 235, pp. 216-230. (2014). 

[16] Li, X. "Numerical solution of fractional differential equations using cubic B-spline wavelet collocation 

method". Commun. Nonlinear Sci. Numer. Simul. Vol. 16, pp. 4134-3946. (2011).  

[17] Ali, A. H. A., Gardner G. A., Gardner L. R. T. "Acillocation solution for Burger’s equation using cubic b-

spline finite elements". Comput. Methods Appli. Mech. Engrg. Vol. 100, pp. 325-337. (1992). 

[18] Ramadan, M. A., . El-Danaf T. S and Abd. Alael El. "A Numerical solution of Burger's equation using 

septic b-splines". Chaos Solitons and Fractals. Vol. 26, pp. 1249-1258. (2005). 

[19] Daftardar-Gejji, V., Jafari, H. "Solving a multi-order fractional differential equation using a domain 

decomposition". J. Math. Anal. Appl. Vol. 189, pp. 541–548. (2007). 

[20] Kumar, P., Agrawal, O. P. "An approximate method for numerical solution of fractional equations". J. 

Signal Process. Vol. 86, pp. 2602-2610. (2006). 

[21] Miller, K.S., Ross, B. "An Introduction to the Fractional Calculus and Differential Equations". John Wiley, 

New York. (1993). 

[22] Xiao-Jun Yang. "Generalized Local Fractional Taylor’s Formula with Local Fractional Derivative". 

Journal of Expert Systems. Vol. 1, No. 1. (2012).  

[23] Kincaid, D. and Cheney, W. "Numerical Analysis". Mathematics of Scientific Computing, Third Edition, 

and Wadsworth group Brooks/Cole. (2002). 

[24] Rahiny, M. "Applications of Fractional Differential Equations". Applied Mathematical Sciences. Vol. 4, 

No. 50, pp. 2453– 2461. (2010). 

[25] Mohammed, P.O., and  Hamasalh, F. K. "Twelfth degree spline with application to quadrature". Springer 

Plus (2016).5:2096, DOI 10.1186/s40064-016-3711-2. 

[26] Hamasalh, F. K., Ali, A. H. "Stability Analysis of Some Fractional Differential Equations by Special type of 

Spline Function". JZS- Part A, Vol. 19, No. 1, (2017). 

[27] Zahra, W.K., Elkholy S. M. "Cubic Spline Solution of Fractional Bagley-Torvik Equation". Electronic 

Journal of Mathematics Analysis and Applications. Vol. 1, No. 2, pp. 230-241. (2013). 

[28] Faraidun K. Hamasalh. "Fractional Polynomial Spline for solving Differential Equations of Fractional 

Order". Math. Sci. Lett. Vol. 3, No. 4, pp. 291-296. (2015). 

[29] Arshed, S., "Quintic B-spline method for time-fractional super diffusion fourth-order differential equation". 

Math. Sci. Vol. 18, 10 pages. (2016). 

  

 

 


