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1. Introduction

Recently, fractional calculus has very important roles in modelling many problems in physical science [1-3].
Fractional differential equations are usually difficult to solve analytically, various limited method have been
proposed for finding numerical solution to these equations [4- 7]. B-Spline polynomial function used by many
anthers for numerical analysis and approximate solution of boundary value problems [8, 9]. Till now there are a
few simple attempts to use B-Spline for solving fractional calculus. The approximation theory of spline
polynomial is very good field of solving differential equations, when numerical algorithms aspect of behavior
are considered. Among of the several class derivatives of spline functions, the polynomial spline has been
accepted the more interesting because define a basic of B-spline [13-18, 23, 25, 28], which can be precisely
defined.

In this paper we study quintic B-spline polynomial function for solving a for certain type fractional differential
equations, which apply the quintic B-spline method for approximation solution for a Bagely-Torvik fractional
differential equation

a(t)y" +[b(t)D (@) + c(O)]y = f(t), tUabl, a is positive non-integer a OR* / Z". (1
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where the function a(t), b(t), c(t) and f(t), are sufficiently smooth real valued functions as [10, 11, 27], in
particular, the (a =1/2)and (@ =3/2) order derivatives describe the frequency- dependent damping materials
of real physical systems. The paper constructed as follows, the next section give preliminaries and basic
definition and theorem necessary to our work. In the third section derivations and modeled approximation
polynomial by using quintic B-spline function for finding numerical solution of the equation (1), and estimate
the error converges for solving quantic B-spline polynomial function. Finally in the last section numerical results
are included, to show the efficiency and advantages, we apply our new method for solving numerical solution of
several fractional problems.

2 Preliminaries and Basic Definitions

In this section, we define some basic definitions as follows:
Definition 2.1 [21]

The Caputo fractional derivative of order ¢ > 0 is defined

n

f(x—f)"“ld f(®dé, n—1<a<neN;

F(n —a) agn

DEf(x) =
2 f, a=neN.

where f0C"[a, b].

Definition 2.2 [20, 22]

Suppose that D];“f(x) € C[a,b] fork=0,1,...,n+ 1 where0 < a <1, then we have the Taylor Series
expansion about X = T, as follows

_yn G0 g O (+D)a s
f(x) = Y- 01"(1(x+1) af(t) + —F((n+1)(x+1)( T) Witha < & < x,forallx € (a,b],

where DK* = DZ.D%...D¢  (k times).
Definition 2.3 [23]

The modulus of continuity of a function f continuous on a segment [a, b], f € C[a, b] is a function w(t) =
w(f,t) defined for t € [0,b — a] by the relation

w(t) = o(f, t: §)=max;e_y<s |f () — (O],

Definition 2.4 [6, 7, 8, 12]

Suppose that us consider a partition Ay, on the interval [a, b] is divided into n subinterval using the grids
x;=a+ihi = 0,1,2,..,n where b = a + nh.

Given Ay , a piecewise polynomial function S on the interval [a, b] is called a spline of degree k if S €
CX~1[a,b] and S is a polynomials of degree at most k on each sub-interval[x;, X;j;+1]. Let S (Ay) denoted the set
of all polynomials of degree k associated with Ay . This set is a linear space with respect to Ay of
dimension N + k. Now that we have defined spline functions, we introduced a special kind of spline function
called B-spline of degree 5, [12, 13]

Quintic B-spline is defined by
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(((x —x;_3)°, ifx € [x;-3X;-2)
(x —x-3)° — 6(x — x;_2)°, ifx € [x;—2%;-1)
(x = xi-3)° — 6(x — x;_2)° + 15(x — x;_1)°, ifx € [x;_1%;)
1
Bis(x) = oms | (iez—%)° — 6(xi42—%)° + 15(x;41 — X)°, ifx € [x;x41) (@
(Xi43=%)° = 6(xi42—%)°, ifx € [xi41,Xi42)
(xi+3_x)5: ifx € [Xi42,%i+3)
\ 0, other wise

Form the fractional derivative of the quantic B-spline equation, can be find Bi(_l;) (x), where k = % , we obtain

9
p(x —xi-3)2, ifx € [x;-3%;-2)
9 9
p(x —xi-3)2 —0(X — X;_2)?, ifx € [x;-p,%i-1)
9 9 9
B | P Ee e mx T mxn i € D)
B (x) = =+ 2 2 2 _ 3)
L5 e | =p(Xip3—x)2 + 0(Xi2—%)2 — T(Xi41 — X)2, ifx € [x;Xi+1)
9 9
—p(Xi13=x)2 + 0(X;42—X)2, ifx € [Xi41Xi42)
9
—P(Xi+3—%)2, ifx € [x142%i+3)
\ 0, other wise

where p = 0.0191048325 , 0 = 0.114628995 and 7 = 0.2865724875

B;i(x) (i =—2,0,..,n+2) are linearly independent, and they form the basis splines of S5(I),BF(x) =
B{‘(x + h),(i =-2,0,..,n;k = 0,1,2), interpolating all points,
Y4, Bi(x) =1 (x € [a,b]). (4)

3. Convergence analysis of the method
In this section, we proof some lemma and theorm using quinitic B-spline of the fractional derivatives.

Lemma 3.1 [12] For j = 0,1,2, ...,n,let y; = y;(x), we have [; = ET_Iyl-, where E, I and D, are operators.

Lemma 3.2 Let S(x) be the quinitic B-spline polynomial obtained by (1) and (4) for y(x). forj =0,1,2,...,n,
we obtain the following relations:

6 6 (—E"2-25E"' — 40 + 40F + 25E + E3 ;

= hD\E-2+57E1 + 3021 + 302E + 57E2 + E3 )7’ ®)
o = 30 E7249E~' — 101 — 10E + 9E? + E® ;

) = 2D\ E-2+57E + 3021 + 302E + 57E% + £3 ) 7 (6)
o 120 —E2—E7' —81—10E + E?> + E? ,
) = h3D\E-2+57E-* + 3021 + 302E + 57E2 + E3 )7V’ 7)

g 360 E™2—3E~1'+ 21+ 2E — 3E? + E3 .

) = 104D \E-2+57E-* + 3021 + 302E + 57E2 + E3 )7V’ (8)
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720 ( —E"245E71— 101 + 10E — 5E% + E3
s@. — i, (9
) hSD\E-2+457E-1 + 3021 + 302E + 57E2 + E3 )"/
5(1/2) _ 720 (0.019048325E_2+0.2986156917E_1+0.0554—841863[—0.6908122197E+0.2986156917E2+0.019048325E_2E3) 10
J = w3/2p E~2+57E~14+3021+302E+57E2+E3 J ( )
where E, I and D, are operators.
Proof: The quantic B-spline interpolation problem is start follows
Xj+1 Xj+1
f S(x)dx =1; = f y(x)dx G=01,..,n—-1) (@N))
Xj Xj
S(x0) = ¥0,5(xn) = ¥ (12)

From equation (3), we obtain the desired integro quintic B-spline with a known control points as:

I = f;f+12?:32 C;B; (x)dx and I; = f;‘jf'“zlfl:f_z C;B; (x)dx (13)
Xj+1 Xj+1 Xj+1 x]-+1
I] = f Cj_lBj_l(X)dX + f C]B](x)dx + f Cj+1Bj+1(X)dX + f Cj+sz+2(X)dX
Xj Xj Xj Xj

From the condition of differential equations, we know that B;(x;_)
Using equations (3) and (7), with the boundary conditions of equation (2), we have

h
m(sj_z +57S;_1 + 302S; + 302541 + 57542 + Sj43) =

h 1
[ (Cima + 26C;_5 + 66C;_, + 26C;_; + C))+

1
— X (57) X (Cj_3 + 26Cj_5 + 66C;_1 + 26C; + Cjpy) +

1
oo X (302) X (Cj—2 +26C;_1 + 66C; + 26Cj4q + Ciiz) +

1
120 X (302) X (Cj—l + 26C] + 66C]+1 + 26C]+2 + Cj+3) +

1
T X (57) X (Cj + 26Cj11 + 66C;4p + 26Cj13 + Cjyq) +

1
E(cj+1 +26Cj42 + 66Cj43 + 26Cj1q + Ciys)]

Then
h 1
ﬁ(s,-_2 +57Sj_1 + 302S; + 302Sj41 + 57545 + Sjy3) = E(If—z +26l;_1 + 661; + 2614, +1;4,)
Then

h
720

—(E72+26E1 + 661 + 26 + E?)];

(E72+457E~1 + 3021 + 302E + 57E% + E3)Sj =

Here using the lemma 2.1, we obtain

250



JZS-A Volume 22, Issue 2, December 2020

Sl el — 1 E—1
Iy = 5—y(%) ==

] P 1
L i+ 1)

yO () =

P —E"?—25E~" — 401 + 40F + 25E° + E*
J = hD\E2+57E-1 + 3021 + 302E + 57E2 + E3 )7

By the same way, we can find the following:

(=g + 575"y + 3028 + 30251 + 574z + S'ju3) =
5 (=Cjoa = 10G_5 + 10C;_; + )+

—=X (57) X (=Cj_3 — 10Cj_, + 10G; + ;1) +

ﬁ X (302) X (—Cj_p = 10Cj_; + 10C; 41 + Cjyp) +

——% (302) X (== — 10C; + 10C)4, + Cia3) +

ﬁ X (57) X (=C; — 10Cj41 + 10Cj45 + Cjiq) +

1
24h (_Cj+1 - 10Cj+2 + 10Cj+4 + Cj+5)]’

then we obtain
M
720
Then
h
720

——(=E"2—10E~* + 10E + E2),

(8'j_5 +57S";_1 + 3025’ + 302811 + 57812+ S'j43) = ﬁ(—l,_2 —101;_; + 101,41 + L;y5)

(E72+457E~1 + 3021 + 302E + 57E% + E3)S'j =

Then, here using the lemma 2.1, we obtain

® hi+1 o
. = l ) =
l Z O(i+1)!y €9)
i=

hD

end — 1 E—1
5 Y(6) =5~

¢ 30 ( E~24+9E~! — 101 — 10E + 9E? + E3 ) .
) = h2D\E-2+57E1 + 3021 + 302E + 57E2 + E3 )~
By a same way we find S";
S"-=120< E~242E71 — 61 — 2E + E*? ) '
J = 3 \E-2+57E1 + 3021 + 302E + 57E2 + E3 ) -
Here using the lemma 2.1, we obtain
2 pitl hD _ _
Ve ; (ih+ YN = )= %yf

. 120 ( ~E~2—E~' — 81— 10E + E% + E3 )
y.

) T 3D \E2+57E~* + 3021 + 302E + 57E2 + E3
By a same way we find S"";
P 360< —E"24+2E7' —2E + E? )y.
J 7 "p4 \E-2457E-1 43021 + 302E + 57E2 + E3
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Here using the lemma 2.1, we obtain

had hi+1 ® ehD -1 E
— L N — —
i=

G 360 E~2-3E~1 421+ 2E —3E2 + E3
i = WD \E-2+57E-1 + 3021 + 302E + 57E2 + E3)

By a same way we find S"";

@ - 720 E~2—4FE~1 4 6] — 4E + E2
i = h5 \E=2457E-1 + 3021 + 302E + 57E2 + E3 )

Here using the lemma 2.1, we obtain

hit1 0 e —1 E—1

_ D (i) — =" .

J_Zo(i+1)!y € 5 Y() =5
i=

oy _ 720 ( —ET24SET'— 101+ 10F — 5E2 + E?
) = WSpD\E—2+457E-1 + 3021 + 302E + 57E2 + E3 ) V)

1
By a same way we find S @

=30 (s _2+578'j_1 +302S’; + 302541 + 57542 + S'j43) =

1
\/—_(—0.01904832511_2 —0.31766401671;,_; — 0.3731482031; + 0.31766401671,,, + 0.019048325], ,
n

Then

%(E 2457E~1 + 3021 + 302E + 57E% + E3)S

T(—0.019048325E_2 —0.3176640167E~1 — 0.3731482031 + 0.3176640167E + 0.019048325E%)
n

Similarly from lemma 2.1, we obtain
S(I/Z)j

720 (—0.019048325E2 — 0.3176640167E~* — 0.3731482031 + 0.3176640167F + 0.019048325E2
=h3/2< E=2457E-1 + 3021 + 302E + 57E2 + E3 )

Here using the lemma 2.1, we obtain

® hi+1 o e
= l 1 =
J Zo(i+1)!y (/)
i=

Hence, equations (4)-(6) are obtained.

b1 -1
D y(%) =7p Vi

Theorem 3.3 Consider the function y(x) of class C® [a, b]and quintic B-Spline polynomial S(x), with
fractional derivative obtained by (2) and (3) for j = 0,1,2, ..., n, then
15.833333333

S) =y(x) - ThSy(S) + o(h®) (14)

1422466667
='(x)) === hy® + o(h") (15)
S-(l/Z) — (1/2)(x-)+ M h2 (3/2) +0(h3) (16)
II " 56.5167
=y"(x;) = =~ h*y® + o(h%) (17)

252



JZS-A Volume 22, Issue 2, December 2020

nr rnr 3
Sj =y (x]-) — %h4y(7) + O(hs) ( 18)
60
Sj(4) = y®(x;) - %hzy(ﬁ) + o(h3) (19)

-1 1
where the constant p = 0.373148203h2 + 0.7115213315h2y’(x;)

Proof: First to proof (14), the proofs for the others are similar and omitted by (4) and lemma 2.1, Suppose that
E = e*and u = hD, and

1 g T T 2 T i e
720 + 360u + 300u? + 120u3 + 57u* + 3.16666666u5 + -
51 = 30+ 3600 + 30002 + 12005 + 57u% + 19" + 6.666u6 -
316719 ,
S = (1+Tu +cu’) y;

where c is a certain constant and the same technique in [12], we obtain

15.833333333
Se) =) =55

From equations (6) , with apply lemma 2.1, we have

720 + 360u + 300u? + 120u® + 57u* + 19u® + 5.2442u’ + -

S =D -
1= D307 360u + 30002 + 12003 + 570" + 199 + 6.666u6 + -

5.2442 — 6.6666

hS5y® + o(h®)

Si=(@1+ =30 u® + cu’) Dy;
1.422466667
§'=y'() - =5y +o(r")

From equation (7), with apply lemma 2.1, we have

120 —e U % — 8 —10e% + e?% + e3¢
S = 1D <e-2u+57e-u + 302 + 302e% + 57e2% + e3u> Yj
" 0.4833 - 57 , ox g
Sj=(1+Tu +cu’)D Vi

From equation (8), with apply lemma 2.1, we have

i __ 360 e ?"—3e""4242e% 3% 43
STy (e Yj (20)

T h*D \e—2ut57e—u+302+302e%+57e2U +e3u
54 — 57
s"'-=(1+ u4+cu5)D3 T
J 720 Vi

3
" "r 5
Sj =Yy (Xj) — mh4}/(7) + O(h )

From equation (9), with apply lemma 2.1, then
720 [ —e 2¥45e7% — 10 + 10e" — 5e%% 4 ¢3¢
j

J 7 h5D \e~2u457e% + 302 + 302¢% + 572t + e3¢
240 — 300

4. =
SWi=01+ 720

u? + cu®) D*y;
60
M) — () = 2.,(6) 3
S; y (x]) 720hy +o(h>)
From equation (10), with apply lemma 2.1, then
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$@1/2).
J
720 (0.019048325¢"%+0.2986156917¢~* + 0.0554841863 — 0.6908122197¢% + 0.2986156917¢%" + e
= W32D e~2Uy57¢=4 + 302 + 302¢¥ + 57e2t + ¢3¢ Vi

1
s, = s/2); = -7z (—373148203 + 0.7115213315u + cu?)y;
-1 1 3
s, = (—.373148203h Z +0.7115213315h2y' (x;) + cth”(xj))
s(/2) — ,(1/2) (4. h2y(3/2) h3 21
J y 2 (x;) + p h?y + o(h3) (21)

-1 1
where the constant p = —.373148203hz + 0.7115213315h2y’(x;)
Theorem 3.4 Consider the function y(x) of class C*[a, b] and S(x) be the Quintic B-spline polynomial have

Xj+1 Xj+1
f s()dx =1; = f y(x)dx ,j =01,2,n—1and
xj xj

S(xO) = yO:S(xl) =Y '"'S(xn—l) = Yn—1:5(xn) =n
We have

1y ) = s@O )| = 0(R*~*), k =0,1,23.

where ||f(¥)|le = maxgexsp If ()], O<a <1

Proof: First try to show ||y™® (x) — S® (x)||e = 0(h?). since S(x) is a quantic B-Spline hence S” (x)is a
piecewise continuous function on[a, b], for j=1,2,...,n.

As [12], suppose that S (x) denoted the restriction of S (x) over [Xj_l, x]-], then

X;—x X —Xj_q
S®x) =SH(x;_,) J + 5(4)(xj)—1
Now define another linear function g(x)on [Xj_l, x]-]as follows
" xj X " x - xj_l
9 =" Gy L=+ y" e —2=

Clearly g(x)is a linear interpolation of y®*
Xi — X
IS = gGloo = x,, 2%, | (SO 0x0-y @ (j-1)) Tt (s@x)y®(x)
= o(h?)
159@) = yO@)lleo =[S @) = 9@) + 9() =y P ()]l
<|[S® @) = g@)loo + 1|g(6) = yP ()|l

< o(h®) + o(h?) = o(h?).
and using theorem 4.2 in [12],

157 =yl = [, SPOdt +5"(x1) = [;_ y@ @t +y"(x1-1)
= [, [5P® -y®©ldt +[5" (1) =y (%-1)]

o(h®) + o(h*)
= o(h®)

X—Xj|
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15" () =y ()| = f;‘] S (0)de + 8" (xj-1) — f;‘]_ Y @©dt+y" (x-4)

= [, 7@ =y @©dt + [5" (5-1) = ¥ (55-1)]
o(h*) + o(h*)

= o(h*)
IS0 = y'@ = [ S"(Ode+5'(x52) = [ y" @t +y(x-1)

= [, 8" =y"(O)dt + [ (x-4) = ¥ (55-1)]
o(h®) + o(h®)

= o(h®)

1S(x) — y(x)| = fx’;_l S'(®)dt +s(xj_4) — f;‘j_l y'(®)dt + y(x;_1)

= f;j_l[sf(t) —y'(©]dt + [s(xj-1) — ¥(x-1)]

o(h®) + o(h®)
= o(h®)

and

2
Iy = $@|| < -h*VaWa
h2
< ID2Def]|

2
[ly@® —s@)| < hj||D(5/2)f||, for g = %,obtain the following

X —Xi) (X1 —X)]" G
r! (2m — 2r)! '

h'[(
g™ @) - pi_ (] < G = max|g@™ (x)|
1 1
m =1,g = fz,p; = Sz, and using [24, 26, 28], we have

h7[Cc — x) Ceigg — )17
= r!x(z - 20 2 yer,

|5(r+%) (x) — y(”%) (x)| <

r=0- 1S9 () - ya2 e < &2 xi)(z’!‘i“ =9 |y [

hZ
<2 lyer,

h2
||5(1/2)(x) - y(l/z)(x)” < > ||y(3/2)||
If r =1, 2,3,4 respectively, using definition 2.4 and theorem 2.3, then we have

|S] _ y(X])| < 15.837323033333 hSU)(y(4),X)

5" ) < k5,

nr 1244 3
1S;" —y (xj)|<mh4w(y(4)rx)
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4) 60
1577 = y® ()l < 755 h*0(y®,x)

where w(y ), x) is the modulus of continuity.

4 Numerical Approximations and Discussion

To verify the applicability of cubic B-Spline to solve fractional Bagley-Torvik differential problem in [9, 10, 11,
27], and to show the our approximate solution approach the nature solution,

a(x)y" +b(x)DYDy + c(x)y = f(x) (22)
With boundary condition
y(@) =a, y(b) =B (23)

y@=d,  yb)=p
where a(x), b(x),c(x) and f(x) are continuous real-valued function on the interval [a, b], we let y(x) be a
quintic spline with knots A. Then y(x) can be written as a linear combination of B;(x),
N+2

Yy = ) CBi) (24

i=—2
Where the constant C; are determined and B; (x) are defined in equation (3).
It is necessary that (14) satisfy (12 and 13) at x = x; where x; is an interior point that is
a(x)y" () + b(x)DYDy" (x;) + c )y () = f (x;)
and the boundary conditions are

y(a) = aforx, =a, y(b) =B forxy =»b (25)
From (24) we obtained
() = ci2Bi5(x;) + ¢;-1Bi—1 (%)) + C;B;(x;) + €i41Biy1 () + Ciy2Bi2 (%) + Ciy3Biy3(x;)

1 1 1 1 1 1 1
y2(x;) = CioB? ,(x;) + Ci_1B? | (%) + C;B} (x;) + Ciy1B?, (%) + Ciy2B7, (%) + Ciy3BE 5 (%))
(26)

y"'(x;) = Ci3B"i_5(x;) + C;_1B" i1 (x;) + C;B" {(x;) + Ciy1B" 141 (x;) + Ciy2B" i12(x;) + Ciy3B" 43 (x;)

There yield

a(x)[Ci—,B"i_3(x;) + Ci_1B"i_1(x;)) + C;B";(x;) + Ci11B" i 41(x;) + Ciy2B" i42(x;) + Cip3B" 1 3(x)] +
1 1 1 1 1 1

b(x)[Ci—2B? ,(x;) + Ci_1 B (x;) + CiBZ (x;) + Cipq BY, (%) + Ciy2BY, , (x;) + Ciy3 B 5 (x)] +

c(xp[ci—2Bi—2(x;) + ¢;i—1Bi—1(x;) + C;Bi(x;) + ¢i41Bip1 (%) + Ciy2Biy2(x) + Ciy3Biyz(x)] = f(xy)
(27)

By the properties of Qunitic B-spline function, we have

1 1 —0.019048325 , 1
Bi—2(x:) = 120 B2 ,(x) = — B"; 5(x;) = o
26 1 —0.3176640167 " 1
Biabe) = 135 B ) =—— B" 1) = 53
66 1 —0.3731482029 y -1 (28)
Bi(x;) = 120 BZ(x;) = 7 B"i(x;) = Tz
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26 1 0.3176640167 , 1

BisaC) =15 B ) = ——5—— Bl () =352
1 1 0.019048325 ; 1

Bir2() = 135 Bln) = ——5— i) =g
Biy3(x) =0 1 B"i13(x) =0

Bfa(x) =0

Form equations (25) and (18) we obtain

1 1 -1 1 1 —0.019048325 —0.3176640167
a(x)[z Ci2 + 53 Cim1 + GG + 57 G + 3 Civz + (00 Ciia] + b(xi)[(—ﬁ )Ci—z + (—ﬁ )Ci—l +
—0.3731482029 0.3176640167 0.019048325 1 26 66 26
—7 at——F%  Cu 77 Civz + (0)Ciys] + cCrdlg5 iz + 55 Gimt 55 G H g Ginn +
1
120 Civz + (0)Ciyz] = f(x) (29)

a(x;) _ 0.019048325b(x;) , c(xi) _ a(x;i) _ 0.3176640167b(x;) , 13c(x;)
Ci-z ( 6h2 NG + 120) + (i ( 3h2 Jh 60 ) +
—a(x;) _ 0.3731482029b(xy) | 11c(x;) _ a(x;)) , 0.3176640167b(x;) . 13c(x;)
Ci( h2 NA R )+Cl+1(3h2+ NG 60 )+
a(x;) , 0.019048325b(x;) , c(x))\ _ )
Ci(ehz + Vh + 120)_f(xl)
(30)
Let that
L a(xi) _ 0.019048325b(x;) + c(xp) L a(xi) _ 0.3176640167b(x;) , 13c(x;)
bi =% NG 120 1 T 3p2 NG 60 ’
_ —a(x) _ 03731482029b(x) | 11c(x;) _alx) | 0.3176640167b(x;) | 13c(x;)
L™ p2 NG 20 U7 3p2 VR 60 ’
__a(x;) , 0.019048325b(x;) , c(x;)
ti =%z NG 120 Gh
Then
piCi—z + qiCiq +1iC; + 5;Cipq + 1,6 = f(x) (32)
And the boundary conditions are given below
1 26
B_5(x9) = By_2(xn) = 120° B_1(x¢) = By_1(xy) = 120°

66 26
By(xp) = By(x,) = 120 ° B1(x9) = By41(xy) = 20

20’ By(xo) =
Byi2(xp) = ﬁ, B3(x0) = By4+3(x) = 0 (33)
Also form equation (27) and equation (33), we obtain
B_»(x0)C—2 + B_1(x0)C_1 + Bo(x0)Co + B1(x0)Cy + By(x0)Ca + B3(x0)C3 = a
By—2(xp)Cy—z + By-1(xn)Cy—1 + By (xn)Cy + By4+1(xn)Cynt1 + Bya2 () Oz + By3(xn)Cyiz = B
C_p +26C_y +66C, + 26C; + C, = 120a

Take the first derivative, we obtain

I ! 1 ! !
B'_5(x¢) = B'y_2(x,) = Zan ’ B'_1(x9) = B'y_1(xp) =

10 , , , ' 4
240 B'y(x0) = B'Ny(xn) = 0,B"1(xg) = B'y41(xp) = (34
-10 ] ’ 1 ’

San’ B'5(x9) = B'yy2(xn) = San ) B'3(xo) =

B’N+3 (xn) =0

257



JZS-A Volume 22, Issue 2, December 2020

Cy—p +26Cy_1 +66Cy + 26Cy,1 + Cyyp = 1208 (35)
Also form equation (32) ,we obtain
B’ _5(x0)C_2 + B'_1(x0)C_1 + B4 (x0)Co + B'1(x0)Cy + B'5(x0)C; + B'3(x0)C5 = @’ (36)

B'N_2(xp)Cy—z + B y_1(x3)Cn—1 + B'N(xp)Cy + B Ny (6)Cygq + B 2 (6) Cyiz + B'nis () Cyyz = B
37)

From equation (37), we have
C—Z + 1OC_1 + OCO - 1061 + CZ = 24h'0(’ (38)
CN—Z + 1OCN_1 + OCN - 1OCN+1 + CN+2 = 24hﬂ (39)

We can write a system of N + 2 linear equations in N + 2 unknown

1 26 66 26 1 0 0 0 0 0 0 0 c_p a
-1 -10 0 10 1 0 0 0 0 0 0 0 c_q a'
pr g 1 s t; 0 0 0 0 0 0 0] % f (xo)
0 p2 g 1 s t 0 0 0 0 0 0 c1 f(x1)
0 0 0 0 0 0 Pn-1 dn-1 Th-1 Sn—-1 tn—l 0 CN-1 f(xN_l)
0 0 0 0 0 O 0 pn Gn T Sy tpll on f(xn)
0 0O 0 0 0 O 0 1 26 66 26 1 ]\Cn+1 B
0O 0 0 0 0 0 0 -1 =10 0 10 1/ \wn+2 B’
(40)

The piecewise quintic B-Spline function from equations (12) and (13) are obtained using (14), where the
constant coefficient C; satisfy the system defined in (24). We will consider some numerical examples
demonstrating the solution using quintic B-Spline methods are illustrated; all calculations are implemented with
maple programming.

Example 3.1 [10, 11] Consider the fraction boundary value problem:

~1/2
y"(x) + 0.5D/2) y(x) + y(x) = 3 + x2 (l"x(S/Z) + 1)

y(0) =1, y(0.5) = 1.25
The exact solution of equation (50) is y(x) = x% + 1
Using equations (26), (27) and (40) with maple programming, we obtain the following

1.000000 — 1.0667 X 1078x + 1.41978x2 — 181.28881x3 + 3144.4986x* — 42579.3049x>, 0 < x and x < 0.05
1.0021181 — 0.211810x + 9.892216x% — 350.9374x3 + 4838.984931x* — 22727.3699x5, 0.05 < xand x < 0.1
1.3235256 — 15.860251x + 305.98367x2 — 2974.3046x% + 14580.3481x* — 28708.204x5, 0.1 <xandx < 0.15
3.087315 — 70.0599x + 963.77955x%—6260.9467x3+20942.502x* — 28004.438x5, 0.15 <xandx < 0.2
10.4358 — 235.8524x + 2355.768x% — 11762.9772x3+29387.872x* — 29370.199x%, 0.2 < xand x < 0.25
30.595935 — 592.23401x + 4738.6145x2? — 18953.3332x% + 37916.008x* — 30340.133x>, 0.25<xand x < 0.3
78.98233 — 1299.5357x + 8660.85301x2 — 28855.035x% + 48073.995x* — 32036.2428x°, 0.3 < xandx < 0.35
170.593 — 2424.9564x + 13869.80x2 — 39664.3162x% + 56726.7797x* — 32454.66178x5, 0.35 < xand x < 0.4
401.1344 — 4990.1102x + 24886.347x% — 62036.4794x% + 77307.405x* — 38525.2154x5, 0.4 <xand x < 0.45
—396.35021 + 4049.4951x — 17682.997x2 + 38545.366x% — 41929.32x* + 18208.4523x5, 045 <xandx < 0.5

S(x) =
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Figure 1: Graph of approximate solution S(x), and y(x) exact solution of the example 3.1

Table 1: The error estimations with fractional derivatives for the example 3.1

x e =15~y e(/2) = |5/2) _ y1/2) e’ =15 ~y'|
0.00 0.000000000 0.0000000000 0.000000001
0.02 0.000917129 0.000398942280 0.134434658
0.18 0.025082117 0.001196826841 0.186303400
0.24 0.029997340 0.001381976598 0.390823000
0.38 0.020493500 0.0017380949098 0.021630000
0.42 0.014551830 0.001828183198 0.143410000
0.50 0.000053800 0.001994711402 0.000210000

Example 3.2 [27] Consider the fractional differential equation

7
y"(x) + %D(l/z)y(x) + y(x) = 4x2(5x — 3) +%x5 (% — L%) + x5 — x*

F( 2 ) F(E
y(0) =0
(0.5) = —0.03125
The exact solution of equation is y(x) = x*(x — 1)

Using equations (16), (17) and (40) with maple programming, we obtain the following
S(x)

2.77 x 107" + 4.2 x 10~ 3x + 0.00001463x% — 0.91075383x3 + 14.78094x* — 66.701099x>, 0 < x and x < 0.05
—0.000025624 + 0.00256249x — 0.102285x2 + 1.13924169x3 — 5.7190x* + 11.947666x°, 0.05 < xandx < 0.1
—0.00186218 + 0.0938542x — 1.9068795x2 + 18.7543639x3 — 89.506397x* + 162.369572x°, 0.1 < x and x < 0.15
0.000628687 — 0.002081x — 0.369613x2 + 5.924646x3 — 33.83427885x* + 62.3272956x5, 0.15 <xand x < 0.2
—0.112573668 + 2.7334506x — 26.46456x2 + 127.996917x3% — 311.00674x* + 302.15547x°, 0.2 < xand x < 0.25
—0.37493322 + 7.569274x — 61.037486x% = 245.72028x3 — 495.03264x* + 397.9553538x°, 0.25 < xandx < 0.3
—4.4340679 + 23.905061x — 159.4110707x2 + 531.50557x3 — 887.08814x* + 591.92303x>, 0.3 < xandx < 0.35
—4.4134059 + 63.017188x — 359.909969x2 + 1027.69636x° — 1468.16009x* 4+ 838.7828x5, 0.35 < xand x < 0.4
—10.507393 + 131.51984x — 658.582243x2 + 1649.116949x% — 2065.9928x* + 1035.4460x5, 0.4 < x and x < 0.45
—5.6283155 + 61.542708x — 268.7469x2 + 585.751611x3 — 638.14508x* + 277.6816749x>, 0.45 < xandx < 0.5
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Figure 2: Graph of approximate solution S(x), and y(x) exact solution of the example3.2

Table 2: The maximum error with fractional derivatives for the example 3.2

x e=1|S—yl = |sW/2) — /2 e’ =15 —y'|
0.00 0.000000000 0.000000000 0.000000000
0.02 0.000004971 4.96056%10" 0.000641489
0.18 0.00004875 0.000092178919 0.003329739
0.24 0.000204049 0.000167391323 0.002003860
0.38 0.000216427 0.0003673296424 0.004194400
0.42 0.000184833 0.0004127891404 0.002775400
0.50 0.000000243 0.0004559340340 0.000000700

Example 3.3 Consider the fraction boundary value problem:
1m 24 h/2) = x(x2 2 2
2y x) + o0 yx) +y(x) =x(x*+1)+ N Vx

y(0) = 0,y(0.5) = 0.125, the exact solution of equation is y(x) = x3
Using equations (16), (17) and (40) with maple programing, we obtain the following

0.0501281 — 1.67649838x + 22.368023x2 — 148.41318x> + 498.856536x* — 666.025597x5, 0.15 < x and x

S(x) = 0.348946249 — 8.7229302x + 87.178767x2 — 1025.437x° + 1089.1296x* — 1088.785409x>, 0.20 < x and x
1.603219 — 32.0700769x + 256.5728x% — 1025.43725x% + 2053.16263x* — 1642.723107x>, 0.25 < x and x
5.807288 — 96.7711333x + 644.97909x? — 3951.168198x% + 3581.2745x* — 2386.68593x°, 0.30 < x and x
16.916759 — 241.790366x + 1382.410424x% — 3951.168198x3 + 5649.74x* — 3230.6975x°, 0.35 < x and x
47.58969 — 594.163468x + 2966.91288x% — 7405.672808x> + 9243.93x* — 4614.122822x5, 0.40 < x and x
22.440386 + 245.3847x — 1071.593349x2 + 2336.72813x> — 2540.91176x* — 1103.5550x5, 0.45 < x and x

0.12
0.10;
0.08]
0.06]
0.04]
0.02;

0 - - - - _

0 01 02 03 04 0S5

X

Figure 3: Graph of approximate solution S(x), and y(x) exact solution of the Example 3.3.
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1.574 x 10713 — 8.27 X 107*2x + 0.0001115x? — 1.078442x3 + 35.9706633x* — 247.7123x5, 0 < x and x < 0.05
0.00001683 + 0.0016183x — 0.06462349x2 + 0.216260824x3 + 23.023x* — 130.74255x5, 0.05 < x and x < 0.10
0.0042959 — 0.2111754x + 4.07881898x2 — 38.9695268x> + 196.4662x* — 387.682193x°, 0.10 < x and x < 0.15

0.20
0.25
0.30
0.35
0.40
0.45
0.50
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Table 3: The maximum error with fractional derivatives for the example 3.3

X e=|S—yl| e(1/2) = |5‘(1/2)_y(1/2)| e = |S’—y’|
0.00 0.000000000 0.0000000 0.000000000
0.02 0.000011620 0.00001595769120 0.001536772
0.18 0.000465622 0.0004308576628 0.005481300
0.24 0.000721263 0.0006633487672 0.016416750
0.38 0.000819120 0.001321601304 0.011949000
0.42 0.000647450 0.001535673886 0.001883000
0.50 0.000005000 0.001994711402 0.000027000
Conclusions

We have applied quintic B-spline polynomial to obtain the numerically solution of some fractional
differential equations, which are tested their control points performance on the growth Bagley-Torvik differential
equation. This method gives good results and comparable with the exact solution, a theoretical proof of the
convergence of the quintic B-spline method for the fractional derivatives from class arguments. Some numerical
examples were included to observed by the tables which are illustrated the error estimation of the method.
Finally, the efficient could arise from the control points of the quintic B-spline that is necessary for numerical
results.
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